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Abstract

This article is devoted to applications of fuzzy set the-

ory, possibility theory and evidence theory in civil en-

gineering, presenting current work of a group of re-

searchers at the University of Innsbruck. We argue

that these methods are well suited for analyzing and

processing the parameter uncertainties arising in soil

mechanics and construction management. We address

two speci�c applications here: �nite element com-

putations in foundation engineering and a queueing

model in earth work.

1 Introduction

There is increasing awareness in the engineering com-

munity that probability theory alone does not suÆce

for modelling the uncertainties arising in engineering

problems. In view of the type of data commonly avail-

able, say in soil mechanics or construction manage-

ment, far more 
exible tools for assessing and pro-

cessing subjective knowledge and expert estimates are

needed.

Using risk analysis, it is usually easy for the planning

engineer to provide focal sets for the 
uctuations of

the parameters involved at various risk levels. This

opens the door for employing fuzzy sets, possibility

theory or evidence theory. When these types of meth-

ods are e�ected for describing the input data, it is es-

sential that arithmetical processing is possible in the

engineering models (in �nite elements, say) and re-

sults in output data of the same type. In fuzzy set

theory, this is guaranteed by the extension principle

(reducing the computations to evaluating the solution

operators on the level sets), while in evidence theory,

the computations can be done directly with the focal

sets.

The purpose of this paper is to demonstrate two appli-

cations of these concepts in civil engineering: First, we

show how �nite element computations involving un-

certain soil parameters can be performed and how un-

certainties propagate through the engineering model,

yielding robust assertions about the possible 
uctua-

tions of the output. The computational methods work

equally well for data described by possiblity theory or

by evidence theory. Second, we consider a queueing

problem as typically arising in earth work at larger

construction sites. We present an approach which

employs a classical probabilistic queueing model with

fuzzy input parameters, resulting in fuzzy state proba-

bilities from which the required performance measures

can be estimated; as the method of computation, we

use fuzzy di�erential equations.

Generally speaking, possibility and evidence theory

can aid the engineer in the planning phase as well as

in control during construction. Engineering data are

usually amenable to a rational description within this

framework. Processing the information through the

engineering models provides a robust basis for speci-

�cation and risk assessment.

Apart from the two exemplifying situations presented

here, we refer to our papers [8, 9, 10, 17] for further

applications. Among the rapidly increasing civil en-

gineering literature on applications of fuzzy sets, we

refer to [11, 19] as typical examples and recommend

the recent expository volume [1] and the references

therein for an overview.

2 Finite element method with vague

and uncertain parameters

2.1 Preliminaries

We begin by introducing some preliminary de�nitions,

c.f. [7, 30]. Let X � R
k be a nonempty set, F =

fF1; : : : ; Fng a �nite set of distinct subsets (focal sets)

of X and the set function m : F �! [0; 1] a basic



probability assignment on F . Then

P (A) = Bel(A) =
X
Fi�A
Fi2F

m(Fi) (1)

is the belief measure on (X;}(X)) or the lower prob-

ability of A and

P (A) = Pl(A) =
X

Fi\A6=?
Fi2F

m(Fi) (2)

the plausibility measure on (X;}(X)) or the upper

probability of A.

Let f : X � Rk �! R : (x1; : : : ; xk) 7! f(x1; : : : ; xk)

be a continous function, G = fG1; : : : ; Gng with Gi =

f(Fi) the set of the images of the focal sets and A �

f(X) � R. Then

Belf (A) = Bel(f�1(A)) =
X

Fi�f
�1(A)

Fi2F

m(Fi) (3)

=
X

f(Fi)�A

f(Fi)2G

m(f(Fi)) =
X
Gi�A
Gi2G

m(Gi) (4)

where m(Gi) = m(f(Fi)) := m(Fi) and in the same

way

Plf (A) =
X

Gi\A6=?
Gi2G

m(Gi): (5)

If we have instead a fuzzy subset M � Rk with mem-

bership function �M : Rk �! [0; 1] then �f(M) is

obtained by Zadeh's extension principle or, since f is

continous, built up by the images of the �-level sets

[M ]� of M : [f(M)]� = f([M ]�), � 2 (0; 1]. Recall

that the �-level set is given by [M ]� = fx 2 X :

�M (x) � �g.

2.2 The �nite element method

Let B � R
3 be a homogeneous isotropic body, which

is subjected to certain loads. We want to compute

the displacements u(x) = (u1(x); u2(x); u3(x))
T and

stresses �ij(x) at points x = (x1; x2; x3)
T in B.

At �rst we need some preliminary de�nitions. Let

� = �T be the stress tensor and " the strain tensor

which are de�ned by

�ij = E

 
1

1 + �
"ij +

�Æij

(1� 2�)(1 + �)

3X
k=1

"kk

!
(6)

and

"ij =
1

2

�
@ui

@xj
+
@uj

@xi

�
(7)

for i; j = 1; : : : ; 3 where E > 0 is the elastic modu-

lus and � 2 [0; 1
2
) Poisson's ratio. E and � are two

parameters describing the material properties of the

body B.

For each spatial direction i = 1; : : : ; 3 we split @B, the

surface of B, into sets �1i and �2i with �1i \ �2i = ?

and �1i [ �2i = @B. Further let

kvk2E =

Z
B

3X
i;j=1

�ij(v)"ij(v)dx (8)

be the elastic energy in the body B and S the Sobolev

space de�ned by

S =
n
v : kvkE <1; vij�1i

= 0; i = 1; : : : ; 3
o
: (9)

The displacement u 2 S on B is the solution of the

following system of partial di�erential equations:

div�(u) + f = 0

ui = 0 on �1i; i = 1; : : : ; 3 (D)

(�(u) � n)i = gi on �2i; i = 1; : : : ; 3;

where n = n(x) is the normal of @B in x, f : B �! R
3

the body load and where gi : �2i �! R are the surface

tractions.

Remark: Let u1 be the solution of (D) for E = 1 and

�xed �. Then u = 1
E
u1 is the solution of (D) for

arbitrary E > 0 and the same � as above. Further,

it holds that � = �1 where � is obtained from u and

�1 from u1. These results can be proven simply by

inserting 1
E
u1 into (D).

The weak formulation of (D) which we need for the

�nite element method is obtained by multiplying the

di�erential equation by v 2 S and integration by

parts:

Find u 2 S such that

a(u; v) = F (v) for all v 2 S (W)

where

a(u; v) =

Z
B

3X
i;j=1

�ij(v)"ij(v)dx (10)

F (v) =

Z
B

fvdx+

3X
i=1

Z
�2i

gvdx: (11)

The standard method in civil engineering for obtain-

ing an approximate solution uh of the above problem

is to use the �nite element method where the in�-

nite dimensional Sobolev space S is replaced by �nite

subspace

Sh = fv 2 S : vijK 2 Pn(K) for all Kg (12)



with basis f�1; : : : ; �Ng. The sets K are the so

called �nite elements into which B is partitioned, e.g.

tetrahedra or hexahedra for 3-dimensional problems

or triangles or quadrilaterals for 2-dimensional prob-

lems. On such an element K the functions vi(x) =PN

k=1 cik�k(x), i = 1; 2; 3, are polynomials of degree

n. Then (W) becomes:

Find uhi =
PN

k=1 cik�k(x) 2 Sh such that for all vhi =PN

l=1 dil�il(x) 2 Sh, i = 1; 2; 3, it holds that

a(uh; vh) = F (vh): (13)

This leads to a system of linear equations for the co-

eÆcients c and therefore to uh. For more details see

[12, 26].

2.3 Numerical method for �nite elements

with vague parameters

We want to stress that the �nite element com-

putations are done for �xed parameters (E; �) 2

(0;1) � [0; 1
2
) or, in general, for �xed parameters

� = (�1; : : : ; �k) 2 � � Rk .

We will now simply view the results of a �nite element

computation as functions

s[�1;::: ;�k] = s[�] : B �! R (14)

where

- s represents a component uhi of the displacements

(the displacements in xi-direction) or an element

�hij of the stress tensor which we obtain from the

solution uh;

- the index [�1; : : : ; �k] means that the �nite ele-

ment computation is done for the �xed k param-

eters �1; : : : ; �k describing the properties of the

body B � R3 .

In general s[�] can also represent the solutions of

more complicated problems, e.g. elasto-plastic ma-

terial properties with additional parameters.

If we consider the results as depending on the param-

eters (�1; : : : ; �k) 2 � we get a function

s : � �! Sh : � 7! s[�]: (15)

Here we are interested in what happens in single

points x 2 B depending on (�1; : : : ; �k) 2 �. So

we introduce the function

s(x1;x2;x3) = s(x) : � �! R : � 7! s[�](x) (16)

which evaluates s at a �xed point x of B. The function

s(x) is continous if � is a set of feasible parameter

values. So s(x) is a continous function f as considered

in the de�nitions of Plf and Belf .

Let A � R and F = fF1; : : : ; Fng � }(�) with a given

probability assignment m. For computing Pls(x) (A)

and Bels(x) (A) for given points x 2 B we have to ob-

tain the images Gi = s(x)(Fi) of the focals Fi, that

is to determine the extremal values of s(x) on Fi. We

approximate the function s by an interpolant s on

D =
Sn

i=1 Fi. Thus D is discretized and s[�] is com-

puted on nodes � 2 D. This can be done by a �nite

element program package. Then the optimization on

Fi (i = 1 : : : ; n) getting the images is performed with

s(x).

For this process we have to use as much information as

possible about s(x) (e.g. monotonicity) and the shape

of the Fi to reduce the dimension of the optimization

problem (see the example below).

In case the parameters are modelled by fuzzy sets,

our computations can be equally performed with the

�-level sets in place of the focal sets. Other meth-

ods have been proposed in the literature: enclosing

the �-level sets of the solution by means of interval

arithmetic [20]; an approach nonequivalent to the ex-

tension principle is in [28, 29].

2.4 Numerical example

We have applied our methods to raft foundations [10]

and recently to �nite element computations in tun-

nelling. Here, for the purpose of illustration, we use a

less complex example. Fig. 1 depicts a pro�le of a lin-

ear elastic soil medium. This soil medium is subjected

to a load of 200 kN/m resulting from a foundation in

x3-direction.

This problem can be reduced to a two-dimensional

problem (plane-strain) for which we can use the same

formulas as above but with indices up to 2 only. As

boundary conditions the horizontal displacements on

the left and right side and the vertical displacements

on the bottom line have to be zero. The elastic con-

stants E and � are assumed to be given by four two-

dimensional focal sets F1, F2, F3 and F4 (see Fig. 2)

with probability masses m(F1) = 0:2, m(F2) = 0:3,

m(F3) = 0:3 and m(F4) = 0:2.

For the design of the foundation it is important to

estimate the expected displacement at surface level.

Thus a typical question of engineering interest could

be, for example, wether the displacement u2 at point

(0; 40) is less than �0:2 m. The results for our exam-

ple are (with s = uh2):

P s(0;40) ((�1;�0:2]) = Pls(0;40) ((�1;�0:2]) = 0:8
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Figure 1: Finite element mesh of soil pro�le.
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Figure 2: Focal sets F1, F2, F3 and F4.

and

P s(0;40)
((�1;�0:2]) = Bels(0;40) ((�1;�0:2]) = 0:5

and the following images Gi of the focals Fi:

G1 = [�0:407;�0:25] m, G2 = [�0:315;�0:201] m,

G3 = [�0:25;�0:152] m, G4 = [�0:183;�0:118] m.

The computation is done as follows: Using the re-

mark in Section 2.2 about the dependence of the

solution on E and that the Fi are Cartesian prod-

ucts of intervals we have here a one-dimensional set

D = f1g� [0:2; 0:4] on which we have to compute the

interpolants s. Therefore we compute solutions s[1;�]
for e.g. � 2 f0:2; 0:225; 0:25; : : : ; 0:375; 0:4g. Then

we obtain the interpolant s by e.g. piecewise linear

interpolation.
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Figure 3: P �h11
([�25;�15]) = Pl�h11([�25;�15]).
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Figure 4: P �h11
([�25;�15]) = Bel�h11 ([�25;�15]).

We write the Fi as Cartesian products Fi = Ei � �i
of intervals Ei and �i. We obtain the intervals Gi =

[Gleft
i ; G

right
i ] for the results in point x as follows:

Let s be the interpolant on D for a displacement uhi .

Then we get by interval division (see for example [21]):

Gi =
[min�2�ifs(x)(�)g;max�2�ifs(x)(�)]

Ei
: (17)

Further, let s be the interpolant onD for a component

�ij of the stress. Then we get:

Gi = [min
�2�i

fs(x)(�)g;max
�2�i

fs(x)(�g]: (18)

2.5 Visualizing the results

The results s[�] of deterministic �nite element compu-

tations, like stresses �hij , are often visualized by plot-

ting areas C = f(x1; x2) : a1 � s[�](x1; x2) � a2g in

di�erent colors for di�erent intervals A = [a1; a2] on

cross sections of B.



Extending this visualizing concept we plot

P s(x1;x2)
(A) or P s(x1;x2)

(A) for each point (x1; x2).

In Fig. 3 and 4 the stress �h11 (obtained from the

above example) is depicted for the interval [-25,-15]

kN/m2. The shaded areas correspond to speci�c

values of upper and lower probability of the event

f�h11 2 [�25;�15]g at (x1; x2).

In the case of using fuzzy sets instead of fuzzy mea-

sures, the set C de�ned above is a fuzzy set; regions

of equal membership degree can be visualized in a

similar manner.

3 Queueing models in earth work

This application concerns a typical queueing problem

in civil engineering, as arising in earth work at larger

construction sites. A purely possibilistic approach to

queueing models can be found in [3]. Our method is

in the spirit of [18]: we will develop a probabilistic

model with fuzzy parameters, namely, in the termi-

nology of [18], an (FM/FM/1):N queueing system. In

contrast to the Markov chain methods of [18], our ap-

proach is based on the di�erential equations for the

probabilities pk(t) that k customers are present in the

system at time t and serves as an application of our

previous work [22] on fuzzy di�erential equations.

3.1 The civil engineering problem

We consider a closed loop queueing system, consist-

ing of a single server (excavator) and N customers

(transport vehicles). After loading by the server, the

vehicles transport and unload the material and return

to the server. Due to variations in the service and re-

turn times, a waiting queue will build up in front of

the server. Input parameters are the average service

time 1=� (service rate �) and the average return time

1=� (driving rate �) of each vehicle. The engineering

problem is to design the system in the most cost ef-

�cient way. Having chosen a certain excavator, this

will chie
y be decided by the number of transport

vehicles employed: Too few vehicles will incure costs

due to idle time of the server, while too many will

incure costs due to waiting time spent in the queue.

The transportation and excavation costs per unit time

given, the essential performance index is the avarage

time T needed by each transport vehicle to complete

a full run. Given 1=�, this in turn is determined by

the arrival rate � and T = N=�, N the total number

of vehicles.

In the project planning phase, the designing engineer

has to determine the input parameters of the system

1=�; 1=� in order to calculate the required capacity of

the equipment. The service rate � of the excavator de-

pends on a large number of uncontrollable conditions:

soil parameters, like grain structure, angle of internal

friction, loosening; accessibility of construction site;

e�ective slewing angle of the excavator; meteorologi-

cal conditions, and so on. Available data just are not

amenable to statistical methods. However, as noted

in the introduction, the planning engineer can usually

provide lower and upper bounds at various risk levels,

using his experience and extrapolating data of former

projects. In conclusion, the input parameters � and �

can be rationally described by focal sets. We assume

that the information is consonant; then we may as-

semble these focal sets into fuzzy numbers, following

e. g. the procedure outlined in [7]. The main goal

is to calculate the possibility distribution of the total

run time T , from which other indicators of engineer-

ing interest can be computed.

We shall base our analysis on a standard probabilistic

queueing model, which assumes that the service time

and the return time are exponentially distributed with

expectation values 1=�; 1=�, leading to the Markov

(M=M=1) : N queueing system (see e. g. [16]). In

this case, the decisive state variables are the probabil-

ities pk(t); k = 0; � � � ; N that k customers are present

in the queueing system at time t. These probabil-

ities give preliminary information on the initial be-

havior of the system, but will chie
y be used to com-

pute the stationary state with limiting probabilities

�k = limt!1 pk(t). The stationary state will serve as

a good approximation to the behavior of the system

(simulations with actual data from construction man-

agement indicate that it is usually reached within one

to two hours). Given fuzzy data ~�; ~�, all these prob-

abilities are fuzzy as well. As shown below, the fuzzy

run time ~T can be computed from there without dif-

�culty.

3.2 The crisp queueing model

Following standard arguments (see e.g. [16]) one can

deduce the system

p00(t) = �N�p0(t) + �p1(t) ;

p0k(t) = (N � k + 1)�pk�1(t)

�(�+ (N � k)�)pk(t) + �pk+1(t) ;

k = 1; � � � ; N � 1 ; (19)

p0N(t) = �pN�1(t)� �pN(t)

with constraint

NX
k=0

pk(t) = 1 : (20)

We normally will assume \deterministic" initial data

pj(0) = 1 for some j; pi(0) = 0 for i 6= j. We note



that (
P

pk(t))
0
= 0 so that the constraint (20) is au-

tomatically satis�ed for all times i� satis�ed initially.

There is a unique equilibrium state given by

�0 =

 
NX
n=0

N !

(N � n)!

�
�

�

�n!�1

(21)

�k = �0
N !

(N � n)!

�
�

�

�n
k = 1; : : : ; N : (22)

Proposition. The probabilities pk(t); k = 0; : : : ; N

converge to the equilibrium probabilities �k as t!1,

uniformly when � and � vary in compact subsets of

(0;1).

Proof: We are dealing with a system of ordinary dif-

ferential equations of the form

p0(t) = A(�; �)p(t)

with constraint (20). Considering the columns of

the matrix A(�; �), Gershgorin's theorem immedi-

ately shows that the eigenvalues �j ; j = 0; : : : ; N of

A(�; �) are zero or have real part strictly less than

zero. One of the eigenvalues equals zero, say �0 = 0,

giving the stationary state A(�; �)� = 0. We will

show that the algebraic multiplicity of �0 equals 1.

First, the geometric multiplicity is 1 (otherwise, this

would contradict the uniqueness of the equilibrium

state A(�; �)� = 0;
P

�k = 1). Suppose the algebraic

multiplicity is greater than 1. Then the Jordan form

of A would contain a nontrivial Jordan block with di-

agonal elements equal to 0. For a suitable choice of

initial data, this would imply that there is a direction

in which the solution exp(tA)p(0) grows at least lin-

early as t!1 while remaining bounded in the other

directions. This contradicts the constraint (20). It

follows that A(�; �) has one eigenvalue �0 = 0 with

multiplicity 1, while the other eigenvalues have real

part strictly negative. Therefore, exp(tA)p(0) con-

verges to the equilibrium state � uniformly in �; � as

t!1 under the constraint (20).

Remark: The convergence of pk(t) to an equilibrium

state follows from probabilistic arguments as well [16].

However, we shall need the uniform convergence as-

serted in the proposition.

By standard arguments from queueing theory, the av-

erage number of vehicles in the queue (in the equilib-

rium state) is easily computed as L = N � (�=�)(1�

�0). By equating the arrival with the departure rate

we get � = �(N � L) = �(1 � �0). Finally, we ob-

tain T = N=� for the average total run time of each

vehicle.

3.3 Fuzzy di�erential equations

For our purpose, it suÆces to consider a linear system

of the form

x0(t) = A(
)x(t) (23)

where A is an (n� n)-matrix depending smoothly on

a parameters 
 2 Rm and x(t) 2 Rn . We �x (crisp)

initial data and denote the value of the solution at

time t by x(t) = St(
). When some of the components

of 
 are fuzzy, we can view it as a fuzzy subset ~
 of Rm

(from now on, we use the tilde notation to distinguish

a fuzzy variable from its realizations). Our approach

will be to apply the Zadeh extension principle [31] to

the (continuous) map 
 ! St(
) : Rm ! R
n , and

we will consider St(~
) as the fuzzy solution at time

t. In this way, the �-level sets of St(~
) are precisely

the images of the �-level sets of ~
 under the solution

operator St. We prefer this approach because

- viewing the �-level sets of ~
 as focal sets, the

output consists of the focal sets induced by solv-

ing the system of di�erential equations. This is

precisely the information of engineering interest,

namely the possible 
uctuations of the output at

level �, given the 
uctuations of the input;

- one can rewrite (23) as a prolongued system,

putting all fuzzy parameters in the initial data,

and then apply the extension principle to the

equation and to the time evaluation map at time

t. This gives a fuzzy solution concept of (23), for

which t! St(~
) is the unique solution (see [22]).

Our approach is equivalent to the one using the 
ow

in [2] and in [23]. We remark that other - nonequiv-

alent - approaches have been undertaken: imbedding

fuzzy sets into metric spaces [5, 13, 14, 25], di�eren-

tiation of bounding curves of �-level sets [13, 15, 27],

parametrized fuzzy numbers [24]; see also [4, 6, 13]

for a study of the interrelations. For our numeri-

cal computations, we use the algorithm developed in

[22] which gives the components Skt (~
) of the fuzzy

solution St(~
). The Cartesian product of the fuzzy

components yields the smallest non-interactive fuzzy

vector containing the fuzzy solution.

We end this section by introducing some notions

needed below. By a fuzzy number ~r we mean a fuzzy

subset of R such that all level sets [~r]� as well as its

support are compact intervals and [~r]1 consists of a

single point. We use the distance (see e. g. [5]) be-

tween fuzzy numbers ~r; ~s,

d(~r; ~s) = sup
�2(0;1]

dH([~r]�; [~s]�)

where dH denotes the Hausdor� distance.



3.4 The fuzzy queueing system

As noted in Section 3.1, we suppose that the input

parameters �; � are fuzzy numbers, which we denote

by ~�; ~�, following our notational convention. We ap-

ply the extension principle to the solution operator

(�; �)! St(�; �) of system (19) with constraint (20).

According to Section 3.3, this produces the fuzzy so-

lution

~p(t) = St(~�; ~�)

which is dominated by the non-interactive vector with

components

~pk(t) = Skt (~�; ~�); (24)

each describing the fuzzy (marginal) probability that

k vehicles are in the system at time t. We note that

the fuzzy equilibrium probabilities ~�k could be com-

puted from formula (22) and (21) with the aid of the

extension principle. However, having our machinery

at hand, it is simpler to pass to the limit in the ex-

pressions (24) for the time-dependent fuzzy marginals

as t!1. The convergence is guaranteed by the fol-

lowing result:

Proposition. The fuzzy probabilities ~pk(t) converge

to ~�k in the sense that

d(~pk(t); ~�k)! 0 as t!1 :

Proof: By the Proposition in Section 3.2, pk(t) =

Skt (�; �)! �k(�; �) uniformly as �; � vary in the sup-

ports of ~�; ~�. Therefore, the Hausdor� distance of the

respective �-level sets converges to zero uniformly in

� 2 (0; 1] as well, as required.

What concerns the application in civil engineering, an

important construction management task is to lay out

the capacity of the system in the planning phase and

allocate the required equipment. The basic perfor-

mance parameter in this case is the total time needed

by each vehicle on average to complete a full run. As

noted in Section 3.2, it is obtained from ~�0 as the

fuzzy number

~T = N=~�(1� ~�0);

due to the fact that ~� and ~�0 are interactive, this is

actually an upper estimate. Various further informa-

tion can be extracted from there. First, the total cost

per transported unit mass is proportional to ~T and

CV + CS=N , where CV and CS denote the cost per

unit time of a single vehicle and the server, respec-

tively. Thus estimates (with their degrees of possibil-

ity) of how the total cost emanates depending on the

number N of vehicles can be obtained.
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Figure 5: �-level sets of ~p0(t).

Second, the average number of completed runs by

all vehicles together in a given period D is given by

DN= ~T = D~�(1 � ~�0). Thus the degree of possibility

of achieving a certain performance in a given period

of time can be computed as well, giving the basis for

assessing the risk of not achieving a required thresh-

hold.

Below we present a computational example with three

transport vehicles (N = 3) and fuzzy mean serving

time given by a triangular fuzzy number with support-

ing interval [2; 6] and center at z = 4, while the aver-

age return time is modelled as a triangular fuzzy num-

ber with support [9; 11] and center at z = 10. The ini-

tial state was taken deterministic as described above

with p3(0) = 1 (all three transport vehicles present

at start). Fig. 5 shows the �-level sets of the fuzzy

time-dependent probability ~p0(t) for 0 � t � 30. One

can read o� that at time t = 30 the equilibrium state

is almost reached; the probability ~�0 can be approxi-

mated by a triangular fuzzy number with supporting

interval [0:13; 0:56] and center at 0.28.
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