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Global optimization

e Gradient methods
e Stochastic methods

 Special methods
(e.g. linear programming)

 Analytical methods
« Branch and bound methods
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Problem with
gradient methods

0.0005 | ;

0.0004 |

0.0003 1 Many local

minima

0.0002 |

AAAA
2100

0.02 0.02

f(x)=x* (1— 0.5- cos()l(D

Pownuk Andrzej, URL.: http://zeus.polsl.gliwice.pl/~pownuk



Problem with
stochastic methods
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Branch and bound methods
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Properties of interval
global optimization

The algorithm guarantees that all stationary global solutions
(in the initial interval) have been found.

The bounds on the solution(s) are guaranteed to be correct.

Error from all sources are accounted for.

The algorithm can solve the global optimization problem
when the objective function is nondifferentiable
or even not continuous.
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Software

GlobSol - SUN  Microsystems and
Marquette University

Numerica - Pascal Van Hentenryck,
Laurent Michel, 1 Yves Deville

UniCalc - Russian Research Institute of
Artificial Intelligence

GLOBOPT - Arnold Neumaier, University
of Vienna

Pownuk Andrzej, URL.: http://zeus.polsl.gliwice.pl/~pownuk



Interval arithmetic
X=[X,X]={XxeR:x <x<x}
Interval operations
XoJ={Xoy:XeX,yeV|
for example

X+y=[X+y ,X +Vy]
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Interval extension
f(x)=x"—-x

Interval extension
f(X)=X-X—-X

Interval function

f(x)={f(X):xeX}
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Interval extension

f(-12]) =[-1 2] [-1 2]-[-1 2] = [-45]
-1, 2]-[-1 2] =[-2, 4]
[-2,4]-1-1, 2] =[-2,4]+[-2,1] =[-4, 5]

T([-12]) =11 (x):xe[-12]}= [—%,2]
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f([-1 2]) =[-1 2] [-1 2]-[-1, 2] =[-4,5]

T([=12]) =11 (x) - xe[-12]}= [—%,2]
f([-1,2]) < f([-1,2])

Fundamental property
of interval arithmetic

f(X)c f(X)
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. 1
xe[-1, 2] ( ) 4 xe[-1,2]

min f([-12])=-4 max f([-1,2])=5

min f (X) < min f (x) <max f (x) < max f (X)
XeX XxeX
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Basic algorithm
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Example

f(x)=x%-x, x=[-10,10]

1 1
Xopt = 2’ fopt - !

L ={x}
Iteration 1
X [-10, 10]
f(x) [-110, 110]
f (mid (x)) 0
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L ={X;,.... X }
f =~ =min{inf f(x),...,inf f(x,)}

f* =max{sup f (x,),....sup f(x,)}
fopt = min{ f (mid (x;))...., f(mid (x,))}
fm<fopp <’

X~ =min{inf x;,...,inf X}

X" = max{sup Xq,...,Sup X, }

X~ < Xopt < X7
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Iteration 1

X [-10, 10]
f(x) [-110, 110]
f (mid (x)) 0

fm< o <f7

f~=-110 fo =0 f* =110

X~ < Xopt S X7
- +
X =-10 Xgpr =0 X7 =10

f*—f =220
X" —x =20
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Iteration 2

X f (x) f (mid (x))
[-10, 0] [0, 110] 30
[0, 10] [-10, 100] 20

f7=-10 foy =0 f7 =110
X" =-10 X =0 x" =10

ff—f~ =120
X" —x" =20

Pownuk Andrzej, URL.: http://zeus.polsl.gliwice.pl/~pownuk




Iteration 3

X f(x) f (mid (x))
[-10, -5] [30, 110] 63.75
[-5, 0] [0, 30] 8.75
[0, 5] [-5, 25] 3.75
[5, 10] [15, 95] 48.75
f~=-5 foy =0 f"=30
—5 Xopt =0. X" =5
f™—f =35
X" —x" =10
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Iteration 4

X f (x) f (mid (x))
[-5, -2.5] [8.75, 30] 17.81
[-2.5, 0] [0, 8.75] 2.81
[0, 2.5] [-2.5, 6.25] 0.31
[2.5, 5] [1.25, 22.5] 10.31

f~ = 25ft—0f+ 8.75
X =-2.5 X, t—Ox =2.5
f™—f~ =11.25
X" —Xx =5
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Iteration 5

X f(x) f (mid (x))
| [-2.5,-1.25] | [2.81, 8.75] 5.39
[-1.25, O] [0, 2.81] 1.02
[0,1.25] [[-1.25, 1.56] -0.23
[1.25,25] | [-0.93 5] 1.64
f~=-1.25 f,, =-0.23 f*=5

X~ =0, Xopt =0.625 x* =25

f*—f =6.25

XT—x =25
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Iteration 6

X f(x) f (mid (x))
[0,0.625] | [-0.625, 0.39] -0.214
| [0.625, 1.25] | [-0.859, 0.93] -0.059
[1.25,1.875] | [-0.31, 2.26] 0.878
[1.875,2.5] [ [1.01,4.37] 1.64

f~=-0.859 fyy =—0.23 f*=2.26
X~ =0, Xopy =0.625 x* =1.875

f*—f~=3.119
X" —x =1.875
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Basic algorithm

Step 0 Set [y]=[x] and y = f([x])" . Initialize the list L =[§] ,y)) and the cut-off levelz = f ([x])" .

Step 1 Choose a coordinate direction k € 12,...,n}.
Step 2 Bisect [y] in direction k: [y]=[v,|U][v,] .

Step3Calculate  f([v,]) and f(v,]) and set v,=f(v,)) for =12 and

z=minf, f(v,)", f(v,)" ).

Step 4 Remove (y] , y) from the list L.

Step 5 Cutoff test: discard the pair ([v; ],v;) ifv, >z (wherei=1, 2).

Step 6 Add any remaining pair(s) to the list L. If the list becomes empty then STOP.
Step 7 Denote the pair with the smallest second element by([y],y) .

Step 8 If the width of f ([y]) is less than &, then print f([y]) arly] , STOP.

Step 9 Go to step 1.
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Acceleration devices

Monotonicity test

of (X) — vxex of (x)
axj @Xi

0¢ =40

and function Y=f(...%.-..)is monotone
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Acceleration devices

Monotonicity test

|f‘;—‘;>o, then y~ = f(x), y*=f(x")

If%<0, then y~ = f(x), y*=f(x")

It can be written

y- = f(x—si n(dxj)’ y+ _ f(xsign(dxj)
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Acceleration devices
Midpoint test

If f(mid(x,))<inf f(x,)
then Vx € X,, f (mid(x,)) < f (X)

and Xopt & Xy

f (Xope) = inf f(X)

X XeX

The interval x, can be neglected
In a future calculation
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Acceleration devices

A nonconvexity check

If the function f

has unconstrained minimum at X
then f must be convex

in some neighborhood of X .

Hence, the Hessian H
of f must be positive semidefinite at X .

A necessary condition for this
IS that the diagonal elements H;; (i=1,..., n)

be nonnegative.
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Acceleration devices

A nonconvexity check

Consider an interval X .
If Hi;(X)" <0 for somei=1,..,n
then H;;(x) <0 for all x € X.

Hence, H cannot be positive semidefinitive
for any pointin X,

Therefore, f cannot have a stationary
minimum in X and X can be deleted.
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Acceleration devices

The Interval Newton method

1)
2)

3)

4)
9)

Letx*e>_<o
X, = mid (X, )
_ f(x,)
N(X., X,)=X, — —1"
(n n) n f,(_n)
)_(n+1:)_(nmN(Xn’)_(n)
Gotol

Using this method we can find
all solutions of algebraic equations
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Acceleration devices

The Interval Newton method

If Vx e x,grad f(x) =0,
then Xopr & X

The interval x can be neglected
In a future calculation
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Acceleration devices

Finding a function value
as small as possible

If £(x")<inf f(x,)where x" e x
then Vx ex,, f(X )< f(X)

Midpoint test gives better results

if the number f(x*)
Is as small as possible.

The point X can be found
using any optimization method.
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Acceleration devices

Use a good inclusion function

In a calculation It Is better to use
an inclusion function rather
than the natural interval extension

Fundamental property
of interval arithmetic

f(x) < f(x)
or
w( (X)) <w(T(x))
where W(xX) = X" — x~
Interval extension gives
overestimated results.
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New Inclusion function

of (X)
OX;
First order monotonicity test

oo U oS

0¢

f(x)=y=[y.y"]

Exact result
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Second order monotonicity test

(X)) g o f (x)

O S 8Xi 8Xi8Xj
_(8%f(x) _[8°f(x)
of —mgn( 2 ) . of S|gn[ 2
= —(X : = — (X
Y1 x ( ), Y1 x ( )

y; =[y1.yi1 (exact result)
1T O ¢ vy, then

Yy~ = f(x—sign(yl)), y+ _ f(xsign(yl))
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N-th order monotonicity test

oNf(x) | oM f (x)
: = Su
ox\ it : ox™

Yn =[YN YN]

yy = Inf

o

o o~ f
yk — (X Slgn(YK-i-l)) y[("

| X5|gn(yk+1)
oxX 8xk ( )

If0¢y,, then
the method gives exact result
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Taylor series expansion

N 10" f (x

F(x)~ Fy () = 32T 00D
i—11!  ox'

0" f (Xo)

ox*
we can apply sensitivity analysis.

To calculation the coefficients

This method i1s more efficient
than pure interval method.

This method cannot get results
with guaranteed accuracy.
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y=f(X)+ f'(Xg) (X-Xg)

f(x)

XS Xm 2-W(X)=w(xXy)
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Shape optimisation of truss

s
3
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Shape optimisation of truss
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Final shape
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ODbjective function

1 Ne

f(x)—zm = XN L
oe_l
Constraints

oo — 0, =0 (stress)
N, < Py (stability)
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Conclusions

The algorithm guarantees that all stationary global solutions
(in the initial interval) have been found.

The bounds on the solution(s) are guaranteed to be correct.

Error from all sources are accounted for.

The algorithm can solve the global optimization problem
when the objective function is nondifferentiable
or even not continuous.
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Conclusions

In order to check monotonicity
of the objective function sensitivity analysis
be can applied.

If we apply the Taylor expansion then the
calculation are more efficient but we loss
guaranteed accuracy of the results.

Presented algorithm is more efficient
than method based on
the natural interval extension.
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