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Uncertainties in mechanical systems
Uncertain loads

1α

2α
21,αα∈α

Uncertain material characteristic
]E,E[E +−∈
],[ xyxyxy

+− νν∈ν
]G,G[G +−∈

Uncertain geometrical parameters

maxh
minh

maxw

minw

]w,w[w maxmin∈

]h,h[h maxmin∈



Methods of modelling
of uncertain parameters

Deterministic methods

Uncertain parameters are constant 0hh =
( ) 00 ≥γ,hg    γ-safety factor

Probabilistic methods

( ) Rhh ∈ω→ω∋Ω :
Reliability based design of structure

( )( ){ } 0 0 : R,hgPR ≥Ω∈ω≥ωω=
or

( ){ } 00 RhgP ≥≥

Worst case analysis

][ +−∈ h,hh
( ) 0≥hg    for all [ ]hh ∈

Random set and fuzzy interval analysis

( )hh m,Ξ    or   [ ]1 0 : ,Rh →µ
( ) ( ) 0}0 :{ R,hh~,h~gPl ≥Ω∈ωω∈≥ω

or
( ) 0}0 :{ Rggsup g ≥≥µ             ( ){ } 00 RhgPl ≥≥



Modelling of uncertain parameters using random sets

Experiment
In experiment we can measure only upper and lower

bounds of some physical quantity jh
or more general we can measure some convex sets

Results of experiment
}{ 1 pA,...,A=Ξ

iA  - intervals of convex sets
all results iA  we can obtain with the same probability

( )
p

Am i
1=

( )iAm  can be viewed as the probability that iA  is the
actual range of jh .

A pair ( )m,Ξ  is a random set.



Modelling of uncertain parameters using random sets

Px

Py

[ ]P P Px x= −,  x
+ [ ]P P Py y y= −,  +

Px

Py

Px
− Px

+

Py
−

Py
+

[ ]P P∈

[ ] [ ] [ ]P P Px y= × [ ] [ ]P P Px x= − ,  x
+

[ ] [ ]P P Py y= − ,  y
+

][ +−∈ xxx P,PP ,   ][ +−∈ yyy P,PP
⇓                     ⇓

( )11 m,Ξ            ( )22 m,Ξ
⇓

( )m,Ξ

where   21 Ξ×Ξ=Ξ ,   ( ) ( ) ( )221121 AmAmAAm ⋅=×



Random sets

Let us assume that 21 XXX ×=
and XA,A ⊂Ξ∈∀  

21 AAA ×=     where   11 XA ⊂ , 22 XA ⊂

( )AojPrA 11 =             ( )AojPrA 22 =

( ) ( )( ) ( )AmAojPrmAm == 1111
( ) ( )( ) ( )AmAojPrmAm == 2222

( )m,Ξ

---------------------
⇓                       ⇓

( )11 m,Ξ              ( )22 m,Ξ

Function of random sets

Let YXf →:
( ) ( )YYXX m,m,f Ξ=Ξ

where
( )xy AfA =     XAx ⊂ , YAy ⊂

( ) ( )xXyY AmAm =



Upper and lower probability

Given a random set ( )m,Ξ , a belief function Bel can be
defined as the following set function

( ) ( ){ }∑ Ξ∈⊆=⊆∀  B:A       ,ABBmBel,UA
plausibility function defined by

( ) ( ){ }∑ Ξ∈∅≠∩=⊆∀  B:     U,A ,ABBmAPl

It can be shown that
( ) ( )ABelAPl −=1

When Ξ  contains only singletons the Bel=Pl is a
probability measure (with finite support).

When Ξ  is a nested family i.e.
pA...AA ⊆⊆⊆ 21

then Bel and Pl satisfy the decomposability properties:

( ) ( ) ( ){ }BBel,ABelminBABel =∩
( ) ( ) ( ){ }BPl,APlmaxBAPl =∪



Relation between fuzzy sets and random sets

Fuzzy set F can be defined from any random set ( )m,Ξ  as
follows:

( ) ( ) { }( )uPlAmu
Au

F ==µ ∑
∈

When 21 XXX ×=

( ) ( )
( )

( ){ }( )2121
21

x,xPlAmx,x
Ax,x

F ==µ ∑
∈

Let assume that membership the function Fµ  is given.
( ) { }p,...,FM αα= 1  be the set of membership values such

that p... α>>α1 . ( ) ( ){ }α≥µ=α u:uF F  be α-level-cut.
Then Fµ  is equivalent to the unique consonant random set
( )m,Ξ  defined by:

( ){ }p,...,iF i 1: =α=Ξ
( )( ) 1+α−α=α iiiFm

with 01 =α +p  by convention.



Extension principle for consonant random sets

Let us assume that YXf →:  and ( )XX m,Ξ  are given.
Additionally ( ) ( )YYXX m,m,f Ξ=Ξ

( ) ( )∑
∈

=µ
x

X
Ax

xF Amx

( ) ( )∑
∈

=µ
y

Y
Ay

yF Amy

It can be shown that for consonant random sets ( )XX m,Ξ
the following relation holds

( ) ( ) ( ) } :{ yxfxsupy xy FF =µ=µ

When 21 XXX ×=  for consonant random set we can
write

( ) ( ) ( )},{ 1121 21
xxminx,x xxx FFF µµ=µ

and

( ) ( ) ( ) ( ) } :},{{ 2111 21
yx,xfxxminsupy xxy FFF =µµ=µ



Extension principle for non-consonant random sets

If random set is non-consonant we can divide family Ξ
into parts iΞ  such that each part iΞ  is consonant.

For each part iΞ  fuzzy membership function can be
defined

( ) ( )∑
∈

=µ
x

x Ax
x

i
F Amx    where i

xA Ξ∈

For each part iΞ  we can apply extension principle

( ) ( ) ( ) ( ) } :},{{ 2111
21

yx,xfxxminsupy i
F

i
F

i
F xxy

=µµ=µ

If some members of family Ξ  are points, then we can
divide this file into the following parts

k
ss ,...,ΞΞ1  - contain sets

pΞ  - contains points

p
i

i Ξ∪Ξ=Ξ t



Calculation of upper probability using fuzzy
membership function – consonant random

set

For consonant random sets ( )xx m,Ξ  upper probability of
some event XAx ⊂  can be calculated in the following
way.

( ) ( ) } :{ xFx AxxsupAPl x ∈µ=

When random set ( )xx m,Ξ  is consonant then random set
( ) ( )yyyy m,fm, Ξ=Ξ  is also consonant and

( ) ( ) } :{ yFy AyysupAPl y ∈µ=

Using extension principle we can also write

( ) ( ) } , :{)( yFy AyxfyxsupAPl x ∈=µ=



Calculation of upper probability using fuzzy
membership function – non-consonant

random set

For consonant random sets ( )xx m,Ξ  upper probability of
some event XAx ⊂  can be calculated in the following
way.

( ) ( )∑ ∈µ=
i

x
i
Fx AxxsupAPl

x
} :{

We also can divide family Ξ  into the following parts

sΞ  - contains sets ( sΞ  is consonsnt)

pΞ  - contains points

ps Ξ∪Ξ=Ξ
Using the member of the family pΞ  we can build a
histogram ( )xf .
Using the member of the family sΞ  we can build a fuzzy
membership function

( ) ( )∑ ∈=µ Ax Amx~    where   sA Ξ∈



Calculation of upper probability
using fuzzy membership function

– non-consonant random set

In this case

( ) ( ) ( )∫+∈µ=
xA

sxx dxxfAxx~supAPl } :{

Let us assume that RX = . In this case the members of
family sΞ  are intervals. Using only the left point of these
intervals we can built the histogram ( )xfs .

Now we can write

[ ]( ) ( ) ( ) ( )∫∫ ++µ=
b

a
p

b

a
s dxxfdxxfa~b,aPl

If all members of family Ξ  are point then
( ) 0→µ a~

( ) ( ) ( )∫∫∫ →+
b

a

b

a
s

b

a
s dxxfdxxfdxxf

and finally

[ ]( ) ( ) [ ]( )b,aPdxxfb,aPl
b

a
== ∫



Calculation of upper probability
using fuzzy membership function

– non-consonant random set

If family sΞ  is non-consonant, then we can divide it into
consonant parts i

sΞ  and then we can write

[ ]( ) ( ) ( ) ( )∫∑∫∑ ++µ=
b

a
p

i

b

a

i
p

i

i dxxfdxxfa~b,aPl

If a set is defined in the space Y, then upper probability
can be calculated by the use of the extension principle

( ) ( )∑ ∈µ=
i

y
i
Yy Ayy~supAPl } :{

( ) ( )∑ ∈µ=
i

x
i
xy Axx~supAPl } :{

where ( )yx AfA 1−= .



αααα-level-cut method

α-level-cut of the fuzzy number F can be defined as the
following interval:

( ) } :{ α≥µ=α xxF F

If we know α-level-cut of some fuzzy number F then we
can calculate fuzzy membership function in the following
way:

( ) { }α∈α=µ FxsupxF  :

This method can be apply, to solution of fuzzy equation.
We can use the following algorithm (consonant random
set):

1) Calculate α-level-cut of the uncertain parameters αih .
2) Calculate α-level-cut of the solutions αiq . In this point

interval equations should be solved.
3) Using resolution identity fuzzy membership function of

the solution should be calculated
( ) { }α∈α=µ iiq qqsupxi  : .

4) If we know fuzzy membership functions, then upper
and lower probability of the solution can be calculated.



Monotone solutions

General definition of the solution set
[ ]( ) ( ) ( ) [ ]{ }hhhQqhKqhq ∈==  ,:

Extreme values of the solution set

( ) [ ]( ){ }hq∈=−
mii q,...,q:qinfq 1

( ) [ ]( ){ }hq∈=+
mii q,...,q:qsupq 1

Calculation the exact solution
of parameter dependent system of equations

is NP-hard

If the following functions

( ),...h...,qq jii =

are monotone, then extreme values of the solution set can
be calculated using the endpoints of the interval [h].

( )±±± = m1ii h,...,hqq



Applications of sensitivity analysis

If 
( ) 0

h
h,...,hq

j

m1i >
∂

∂
,   then

( ),...h...,qq jii
−− = ,      ( ),...h...,qq jii

++ =

If 
( ) 0

h
h,...,hq

j

m1i <
∂

∂
,   then

( ),...h...,qq jii
+− = ,      ( ),...h...,qq jii

−+ =

We can write it in the following form:














=










∂
∂−

− h
q

h
sign

ii qq ,      













=










∂
∂

+ h
q

h
sign

ii qq



Interval monotonicity tests

Implicit solutions

It can be shown that if the following interval Jacobian
matrices

[ ] [ ]( )
x

hxF
∂

∂ ,ˆ
   [ ] [ ]( )

( )nj1 x,...,h,...,x
,ˆ

∂
∂ hxF

are regular then solutions of parameter dependent system
of equations are monotone.

In order to check regularity of interval matrix interval
gauss method Rohn’s method could be applied.

Explicit solutions

If

[ ]( )
j

i
h

q̂0
∂

∂∉ h

then function ( ),...h...,qq jii =  is monotone in the
interval ]h[ j .



Implicit function theorem
( ) 0hq,F =

0
1

=
∂
∂+

∂
∂

∂
∂

∑
= j

k
n

i j
i

i
k

h
F

h
q

q
F

( )
( )

( )
( )n

n

nj
n

j
i

q,...,q
F,...,F

q,...,h,...,q
F,...,F

h
q

1
1

1
1

∂
∂

∂
∂

−=
∂
∂

( )
( )

( )
( )n

n

nj
n

j
i

q,...,q
F̂,...,F̂

q,...,h,...,q
F̂,...,F̂

h
q̂

1
1

1
1

∂
∂

∂
∂

−=
∂
∂



An interval extension
of the Jacobian matrices

( )
( ) ( ) [ ] ⊆









∈
∂
∂ qqq  

1
1 :

q,...,q
F,...,F
n
n

( )
( ) [ ]( )q

n
n

q,...,q
F̂,...,F̂

1
1

∂
∂⊆

( )
( )( ) [ ] ⊆













∈
∂

∂ qqq :
q,...,h,...,q

F,...,F
nj

n
1

1

( )
( ) [ ]( )q

nj
n

q,...,h,...,q
F̂,...,F̂

1
1

∂
∂⊆



Algorithm of calculation

( )
( ) [ ]( )q

n
n

q,...,q
F,...,F

1
1

∂
∂  are regular

( )
( ) [ ]( )q

nj
n

q,...,h,...,q
F,...,F

1
1

∂
∂   are regular

⇓

[ ]( )
const

h
q̂

sgin
j

j =














∂
∂

 
h

⇓

( )ji hq  are monotone

⇓

( )±±± = mii h,...,hqq 1



If an equation
( ) 0xg =

has more than one solutions in
the interval [x], then a matrix
[ ]( )xĝ  can not be regular.

t

iz

−
iz

+
iz

( )tzz ii =

( )




=−

=
− 0

,

ii zz
t 0zF

( )




=−

=
+ 0

,

ii zz
t 0zF

−t +t

[ ] [ ]Tzz ii ×+− ,

( )




=−

=

0zz
t,

ii
�

0zF
 ⇒ 

( )




=−

=
± 0zz
t

ii

zz

( ) 0F =± t,z,...,z,...,z ni1



1)

( ) ( ){ }+−− = tz,tzminz iii

( ) ( ){ }+−+ = tz,tzmaxz iii

2)

[ ] [ ] [ ]( )
( )n1i1i1

ni1

z,...,zt,,z,...,z
tzzzF̂

+−

±

∂
∂ ,,...,,...,

;

3) exist [ ]tt* ∈ , such that

( )( ) [ ]( )xintt,tz ** ∈ ;

then

( ) [ ]{ }tt: tzinfz ii ∈=−

( ) [ ]{ }tt: tzsupz ii ∈=+



Point monotonicity tests

First method

( )( ) 0hh
hh

h,...,hu
h

)h,...,h(u
h

)h,...,h(u m

1k

0
kk

kj

0
m

0
1x

2

j

0
m

0
1x

j

m1x =−
∂∂

∂+
∂

∂≈
∂

∂
∑
=

A distance of this hypersurface from the point ( )0
m

0
1 h,...,h  is as

follows.

( )
∑
=















∂∂
∂

∂
∂=ρ

m

1k

2

kj

0
m

0
1x

2

j

0
m

0
1x

j hh
h,...,hu

h
)h,...,h(u

1h

2h

hρ

0
2

0
1 h,h

−
1h +

1h

+
2h

−
2h

( ) 0hh
hh

h,...,hu
h

)h,...,h(u 2

1k

0
kk

k2

0
m

0
1x

2

2

0
m

0
1x =−

∂∂
∂+

∂
∂

∑
=

( ) 0hh
hh

h,...,hu
h

)h,...,h(u 2

1k

0
kk

k1

0
m

0
1x

2

1

0
m

0
1x =−

∂∂
∂+

∂
∂

∑
=

1ρ

2ρ



Point monotonicity test

Second method

( ) ( )( )∑
=

−
∂∂

∂+
∂

∂=
∂

∂ m

1k

0
kk

kj

0
m

0
1x

2

j

0
m

0
1x

j

m1x hh
hh

h,...,hu
h

)h,...,h(u
h

h,...,hu�

If
( ) const

h
h,...,husign

j

m1x =











∂
∂ ±±�

then

( ) ( ) [ ] ∅=∩








=
∂

∂ h0
h

h,...,hu:h,...,h
j

m1x
m1

�

i.e.    ( ) const
h

h,...,husign
j

m1x =











∂
∂�    for   [ ]ii hh ∈  i=1,…,m

and function ( )0
m

0
1jj

0
1j

0
1x h,...,h,h,h,...,hu +−  is monotone in the interval

]h[ j  where [ ]i0
i hh ∈  i=1,…,m and i≠ j.



Point monotonicity test
Third method

Let m=2 and += 22 hh
( )( ) ( )( ) 0hh

hh
h,huhh

hh
h,hu

h
)h,h(u 0

22
21

0
2

0
1x

2
0
11

11

0
2

0
1x

2

1

0
2

0
1x =−

∂∂
∂+−

∂∂
∂+

∂
∂ +

then

( )
( )( )








−

∂∂
∂+

∂
∂

∂∂
∂

−= + 0
22

21

0
2

0
1x

2

1

0
2

0
1x

11

0
2

0
1x

2
0
1

*
1 hh

hh
h,hu

h
)h,h(u

hh
h,hu

1hh

1h

2h

0
2

0
1 h,h

−
1h +

1h

+
2h

−
2h

( ) ( ) 0hh
hh

h,huhh
hh

h,hu
h

)h,h(u 0
22

21

0
2

0
1x

2
0
11

11

0
2

0
1x

2

1

0
2

0
1x =−

∂∂
∂+−

∂∂
∂+

∂
∂

*
1h

In multidimensional case:

( )
( )( )

















−
∂∂

∂+
∂

∂

∂∂
∂

−= ∑
≠
=

±
m

ik
1k

0
kk

kj

0
m

0
1x

2

j

0
2

0
1x

ij

0
m

0
1x

2
0
i

*
i hh

hh
h,...,hu

h
)h,h(u

hh
h,...,hu

1hh

If
[ ]i*

i hh ∉
then function ( )0

m
0

1jj
0

1j
0
1x h,...,h,h,h,...,hu +−  is monotone in the interval

]h[ j  where [ ]i0
i hh ∈  i=1,…,m and i≠ j.



Point monotonicity test

Forth method

( ) ( )0
m

0
1jj

0
1j

0
1x

jj

jx h,...,h,h,h,...,hu
h

:
h

hu
−−∂

∂=
∂

∂

( )( ) 0hh
h

hu
h

)h(u
h

)h(u 0
jj2

j

0
jx

2

j

0
jx

j

jx =−
∂

∂
+

∂
∂

≈
∂

∂

( )
2
j

0
jx

2
j

0
jx

0
jj

h
hu

h
)h(u

hh

∂
∂

∂
∂

−=

0
j

0
jx

0
j

0
jx

j

0
jx

h
)h(u)hh(u

h
)h(u

∆
−∆+

≈
∂

∂

( )20
j

0
j

0
jx

0
jx

0
j

0
jx

2
j

0
jx

2

h

)hh(u)h(u2)hh(u
h

)h(u

∆

∆−+⋅−∆+
≈

∂
∂

[ ]
)hh(u)h(u2)hh(u

h)h(u)hh(u
hh 0

j
0
jx

0
jx

0
j

0
jx

0
j

0
jx

0
j

0
jx0

j
*
j ∆−+⋅−∆+

∆⋅−∆+
−≈

[ ] [ ]jjj
*
j hh,hh =∉ +−



x

y

z

P
P

P
P P

P

P
P

P

P
P

P
h

h

h

h

LL

L
L

2050A .=  [ 2m ], 3hL ==  [m], P=[1, 2] [kN].

Numerical results

ne 42 63 160 260 325 390

dim 108 162 384 600 750 900
−
maxq 0.0396 0.0886 0.1104 0.0854 0.1321 0.1890
+
maxq 0.0792 0.1773 0.2209 0.1708 0.2643 0.3780



Thin-walled cylinder

Data
MPa ]102.2 ,100.2[E 55 ⋅⋅∈ , [ ]3.0 ,2.0∈ν

L=0.263 m,  r=0.126 m,  t= m1038.2 3−⋅ , F=444.8 N

( ) ( )huhhuu yy

df

y −∆+=∆

( ) ( ) ( )hhuhu2hhuu yyy

df

y
2 ∆−+⋅−∆+=∆

( ) ( )
( ) ( ) ( )hhuhu2hhu

h]huhhu[
h

yyy

yy
df

*

∆−+⋅−∆+
∆⋅−∆+

=∆

Because
2 1010⋅  MPa= *

EhEE ∆<<− −+ =9.972 410⋅  MPa

0.1= *hν
−+ ∆<<ν−ν =2.662

then functions )(u),E(u yy ν  are monotone in the intervals [E],[ν ].
The interval solution [ ]03748.0,043514.0uy −−∈ .



Large strain in-plane torsion

Data
E∈ [49.3, 49.9] MPa  MPa28.0ET ∈  MPa6.0y =σ
ν∈ [0.32, 0.34] m 254.0R1 = m 508.0R2 =

o60=Θ

We assume that
ν== 21 h    ,Eh

Because
[ ]+−∉ ii

*
i h,hh    for   2,1i =

then the functions
( )1xx hσ=σ ,   ( )2xx hσ=σ

are monotone in the intervals [ ] [ ]21 h,h .

Interval solution

[ ] MPa48.0 ,36.0x ∈σ



HEAT TRANSFER
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1R =0.0005 [m], 2R =10* 1R , αααα=2000, bT = 32
[ Co ], tT =37[ Co ], Q=10245[W/ 3m ]m,
λλλλ∈∈∈∈ [0.21,0.23][W/mK].

0T 1T 2T 3T 4T 5T 6T 7T 8T 9T 10T

iT [ Co ] 36.586 35.470 34.782 34.284 33.894 33.573 33.302 33.065 32.857 32.669 32.500

iT [ Co ] 36.619 35.494 34.800 34.298 33.905 33.582 33.308 33.070 32.859 32.671 32.500



Conclusions

1)  Presented methods are very effective tools for modelling of structures
with uncertain parameters.

2)  Presented method can be applied when intervals ]h[ j  are sufficiently
narrow.

3)  Presented algorithms can be extend to the case when uncertain
parameters will be fuzzy numbers.

4)  These methods can be applied to nonlinear problems of computational
mechanics.

5)  Presented algorithms use results generated by existing engineering
software.

6)  Presented methods are universally applicable.

7)  When uncertain parameters are fuzzy numbers presented method can
be applied to calculation upper and lower probability of the safety of
structures.

8)  When intervals are too wide then the interval monotonicity test or the
Monte-Carlo simulations should be applied. Unfortunately these
methods have a higher computational complexity.


