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Uncertainties in mechanical systems

Uncertain loads
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Uncertain material characteristic
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Uncertain geometrical parameters
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Interval methods

Mechanical system
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Finite element method

Parameter dependent system of

K(h)a=Q(h)

linear equations
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Natural interval extension

System of linear interval

equations

K([h))a = Q([h)

Rohn’s method

U

Interval Gauss method

Interval solution

{a:K(h)g=Q(h),hT[h} O X (K(h]), &(h])




Exact interval methods

Interval continuation method
{F(q, h)=0

h-h'=0

ah+Ah

q g

Interval bisection method
P L Bin(¢)-c@ =0
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Monotonicity

General definition of the solution set

a(h]) ={a: K(h)a =Q(h). hO[h}

Extreme values of the solution set

q; =inf{g; : (Ay,....dm)Oa((h])}
ai =sup{d; : (Ay.....dm) O a((h]}

Calculation the exact solution
of parameter dependent system of equations
Is NP-hard

If the following functions
d; = 0; (, hj’)

are monotone, then extreme values of the solution set
can be calculated using the endpoints of the interval [h].

q; :Cli(hf’---,hﬁw)




Applications of sensitivity analysis

We can write it in the following form:




Interval monotonicity tests
Implicit solutions

It can be shown that if the following interval Jacobian
matrices

oF(Ix][H)  oF(x][H)

[
0X a(xl,...,hj,...,xn)

are regular then solutions of parameter dependent
system of equations are monotone.

In order to check regularity of interval matrix interval
gauss method Rohn’s method could be applied.

Explicit solutions

If

ODaQi([h])

oh;

then function Qi:CIi(""hj"") IS monotone in the
interval [hjl.




Point monotonicity tests

First method

0, (Nyr ) _ BU, (0 0% | 0%, (000 ) o)
oh, oh, ; oh,oh, b -ni)=0

A distance of these hypersurface from the point (hf h%) IS as
follows.
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Point monotonicity test
Second method

00, (Ny.shy,) _ 0u (h, L) & o%u, (0,0 )
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If

sign[aUX(hli""’ hri“)j = const

oh.

J

then

{(hl,...,hm):au (e h) _ }m[h] 0

oh,

ie. sign(aux(hgr’]""hm)j:const for h O[] i=1,....m
j

and function u, (h%,...,h%,,h.,h°%,.....h ) is monotone in the interval
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[h,] where h O[h;] i=1,...,m and i#].




Point monotonicity test
Third method

Let m=2 and h, =h;
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0 L0 m A2 0 0
SR I LU LN . L TR
o°u, (h?,...h%)|  ah, & ohjoh,
oh;oh, e
If
h; Ofhy]

then function ux(hg,...,h?_l,hj,h?+1,...,h%) is monotone in the interval
[h,] where h O[h;] i=1,...,m and i#].




Point monotonicity test

Forth method

aux(h'). 0
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Thin-walled cylinder

Data
E0[2.0010°,2.210°] MPa, v[0.2,0.3]

L=0.263 m, r=0.126 m, t=2.38[10° m, F=444.8 N

Problem Sketch

Hepresentative Finite Element Model

df
Au, =u,(h+Ah)-u,(h)
df

Nu, =u,(h+ah)-20, (h)+u,(h-2h)
A [u, (h +24h)-u,(h)]Cah
u,(h+2ah)-20w,(h)+u,(h-2Ah)

Because
2010 MPa=E" - E” <<|Ah¢|=9.972(10* MPa
0.1=v" -V~ <<|AN}|=2.662
then functions u,(E),u,(v) are monotone in the intervals [E],[V].
The interval solution u, 0[-0.043514,-0.03748)].




Reinforced Concrete Beam

Data
Concrete Steel
Geometry
EO[L.3,1.5m0% MPa  ED[2.0,2.2]M0°MPa  a=0.127m
Oct =0 MPa v[0.2,0.3] b=0.152m
v=0 A =0.019 m?
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Representative Finite Element Model
¥
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The interval solution u.,,, 0[0.182,0.200] 10~ *[n{ .




Large strain in-plane torsion

Data
E[1[49.3, 49.9] MPa E; 00.28 MPa o, = 0.6 MPa
v([0.32, 0.34] R, =0.254m R, =0.508 m
®=60°
- — Er g 10 elem,

Cauchy Stress
[}

Rz

Logarithmic Strain
Stress-Strain - Curve
Problem Model

We assume that

Because
h'O|hy, he| for i=1.2

then the functions
Gx :Gx(hl)’ c)-x = Gx(hZ)
are monotone in the intervals [h,],[h,] .

Interval solution

o, 0[0.36,0.48] MPa




Fuzzy parameters

Measurements

U
Random set (=, m)
=={bxledxdl, mxil)=>
[xi] =[x{ . x{10R
U
E=LiJEi, (j][xj]m, [x;10=;
U

xa[x ke

PI(A)=Z§g£u (A)

U
PIy)=>" sup  p'(xq) O... ' (x,)

i y:f (Xl """ Xn)

U
PI(A)=Y  sup  p'(x)O... Ol (x,)

i y:f (Xl """ Xn)
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Application of sensitivity analysis
to calculation of structures
with uncertain parameters

Random set (=, m)

xD[x ]E?[‘ mD(E(

o -level-cut

o ={x:p(x)za}

U applications

[o] = LquB
PI([a]) = ;sun{ui (@):a D]}




Conclusion

1) Presented method are a very effective tools for modelling of
structures with uncertain parameters.

2) Presented method can be applied when intervals [h;] are
sufficiently narrow.

3) Presented algorithms can be extend to the case when uncertain
parameters will be fuzzy numbers.

4) These methods can be applied to nonlinear problems of
computational mechanics.

5) Presented algorithms use results generated by an existing
engineering software.

6) Presented methods are universally applicable.

7) When uncertain parameters are fuzzy numbers presented
method can be applied to calculation upper and lower
probability of the safety of structures.

8) When intervals are to wide the interval monotonicity test or the
Monte-Carlo simulations should be applied. Unfortunately these
methods have a higher computational complexity.




